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HEADING 1 
I am a theoretical nuclear physicist whose main field of research is the study of 

nuclear many-body systems. I specialize in the description of infinite nuclear matter, 

and to do this I combine ab initio many-body methods together with realistic nuclear 

interactions. The comprehension of an ideal system such as nuclear matter is 

fundamental to understand not only the properties of heavy nuclei but furthermore to 

explain the structure and dynamics of neutron stars. 

HEADING 2 

My field of research is fascinating. To laymen I would explain it in the following 

comprehensible manner: 

The investigation of strongly interacting systems ranges from matter inside atomic 

nuclei to matter under extreme conditions in astrophysics. These systems require 

control of nuclear forces and systematic many-body methods to solve the strongly 

interaction problem. Understanding the behavior of infinite nuclear matter, which is 

the focus of my work, provides a path to predict the properties of neutron stars and 

gives insights to astrophysical phenomena. 

HEADING 3 

My most important success in research to date is… 

The extension of the ab initio self-consistent Green’s Function approach to include 

two- and three-nucleon interactions. Three-nucleon forces have to be considered 

when studying nuclear systems, because their impact is necessary to reproduce 

properties of nuclei and to correctly obtain the neutron drip line. Moreover, they are 

needed to predict the empirical saturation properties of infinite nuclear matter. The 

self-consistent Green’s Function approach paves the way for an improved ab initio 

analysis of nuclear matter, thereby providing the basis for the equation of state of 

neutron stars and supernova explosions. 



PAGE 3 

Outlooks: 

1. The study of nucleonic matter has important implications on many branches of nuclear science: 

from the bulk properties of exotic nuclei to the equation of state of neutron star matter. After we 

have extended the self-consistent Green’s function (SCGF) theory to account for three-nucleon 

forces, it is now possible to make reliable predictions of nucleonic matter at both zero and finite 

temperatures and with full chiral interactions, a task that was not possible until a few years ago. 

In the future work, I will present the SCGF approach as a very convenient way to investigate 

microscopic and thermodynamical properties of nucleonic matter. I will show how the properties 

of the nuclear interaction can be understood from the spectral function sum rules in infinite matter. 

Among recent results, the prediction of the liquid-gas phase transition critical temperature in 

symmetric matter appears to be in reasonable agreement with experimental outcomes. Also studies 

of both saturation properties and finite temperature behaviors in infinite matter are pointing 

towards the necessity to refine the fitting procedure of low-energy constants. I will then conclude 

presenting first-principle tests of thermal approximations used in equations of state to study stellar 

environments, which questions the validity of such astrophysical simulations. 
 

2. Neutron stars are the remnants of the gravitational collapse of massive stars during a Type-II, Ib 

or Ic supernova explosion. Their masses and radii are typically of the order of 1-2 Msun and 10-12 

km, respectively. With central densities in the range of 4-8 times normal nuclear saturation density, 

neutron stars are most likely among the densest objects in the Universe. These objects are an 

excellent observatory to test our present understanding of the theory of strong interacting matter 

at extreme conditions, and they offer an interesting interplay between nuclear processes 

and astrophysical observables. Conditions of matter inside neutron stars are very different from 

those one can find in Earth, therefore, a good knowledge of the equation of state of dense matter 

is required to understand the properties of neutron stars.  
 

3. Nowadays, it is still an open question which is the true nature of neutron stars. Traditionally the 

core of neutron stars has been modeled as a uniform fluid of neutron-rich matter inequilibrium 

with respect to the weak interaction. Nevertheless, due to the large value of the density, new 

hadronic or even non-hadronic degrees of freedom are expected to appear in addition to nucleons. 

So in a future work we will review some of the properties of these fascinating objects. 
 

4. Also we will develop a new energy density functional, based on the microscopic nuclear matter 

equation of state (EOS), for the description of finite nuclei and astrophysical system like the 

neutron star crust. This new functional contains only few phenomenological parameters, mainly 

for the inclusion of finite size effects, but has been proved to be competitive with the most accurate 

energy density functional. The ultimate goal of this line of research is the formulation of a 

universal and microscopically based energy density functional that is able to describe finite nuclei, 

normal or exotic, and at the same time the whole structure of neutron stars. 
 

5. In the future I will focus onto recent developments of the interaction models between colliding 

nuclei in terms of Brueckner’s G-matrix theory starting from realistic nuclear forces and the 

saturation property of symmetric nuclear matter as well as neutron-star matter. Furthermore, we 

will calculate the proton-nucleus optical potential by using the Brueckner-Hartree-Fock approach 

with several nucleon-nucleon potentials. 
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• Symmetric nuclear matter is studied within the Brueckner-Hartree-Fock (BHF) approach and

is extending to the self-consistent Greens function (SCGF) approach. Both approximations

are based on realistic nucleon-nucleon interaction; that is, CD-Bonn potential is chosen.

The single-particle energy and the equation of state (EOS) are studied. Both the SCGF and

BHF approaches do not reproduce the correct saturation point. A simple contact interaction

should be added to SCGF and BHF approaches to reproduce the empirical saturation point.

• Microscopically, the equation of state (EOS) and other properties of asymmetric nuclear mat-

ter at zero temperature have been investigated extensively by adopting the non-relativistic

Brueckner-Hartree- Fock (BHF) and the extended BHF approaches by using the self-

consistent Greens function approach or by including a phenomenological three-body force.

Once three-body forces are introduced, the phenomenological saturation point is reproduced

and the theory is applied to the study of neutron star properties.

• The total mass and radius for neutron stars using various equations of state at high densities

in β-equilibrium without hyperons. A comparison with other microscopic predictions based

on non-relativistic and density-dependent relativistic mean-field calculations has been done.

It is found that relativistic EOS yields however larger mass and radius for neutron star than

predictions based on nonrelativistic approaches. Also the three-body force plays a crucial

role to deduce the theoretical value of the maximum mass of neutron stars in agreement with

recent measurements of the neutron star mass.

• The single-particle potentials and other properties at absolute zero temperature in isospin

asymmetric nuclear matter are investigated in the frame of an extended Brueckner theory.

Also thermal quantities are calculated in asymmetric nuclear matter using CD-Bonn poten-
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tial and the Urbana three-body forces (3BF).

• The effects of the hole-hole contributions are investigated within the self–consistent Greens

function approach. The inclusion of 3BF or the hole-hole contributions improves the pre-

dicted saturation property of symmetric nuclear matter within the Brueckner HartreeFock

approach and it leads to a significant stiffening of the density dependence of symmetry en-

ergy at high densities. This is of great importance in astrophysical calculation. The hot

properties of asymmetric nuclear matter such as the internal energy and the pressure are

analyzed using the relation of T 2–approximation method at low temperatures.

Key words: Nuclear matter, Equation of State, Nucleon-Nucleon interaction, BHF ap-

proximation, SCGF method, β-stable nuclear matter, Symmetry energy, Effective mass,

Three-body forces, Contact term interaction, Thermal properties, Neutron stars.

I. INTRODUCTION

Microscopic calculations of isospin asymmetric nuclear matter (ANM) are important for

nuclear physics and astrophysical applications. The neutron star properties depend on the

equation of state (EOS) of ANM at densities up to an order of magnitude higher than those

observed in ordinary nuclei. The EOS can be used to determine properties such as the mass

range, the mass-radius relationship, the crust thickness and the cooling rate [1–3].

Constraints on the EOS can be obtained from many sources, such as studies of the monopole

resonance in finite nuclei, high energy nuclear collisions, supernovae, and neutron stars (NS)

[4]. Supernovae simulations seem to require an EOS which is too soft to support some

observed masses of neutron stars [5], whereas analysis of high energy nuclear collisions

indicate a rather stiff EOS, predicting neutron star masses which are too large [6, 7]. Thus,

no definite statements can be made about the EOS at high densities, except that it should

probably be moderately stiff in order to support maximum neutron star masses in a range

of approximately 1.4M¯ to 2.0 M¯, where M¯ = 1.99× 1033g is the solar mass [8].

After the first theoretical calculations of neutron star properties performed by Oppenheimer

and Volkoff [9] and independently by Tolman [10], several theoretical predictions appeared

in the literature showing calculations of the EOS. The hypothesis that strange quark matter

may be the absolute ground state of the strong interaction [11], has been used by Alcock
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et al. [12] in their investigation of the possibility of interpreting pulsars as rotating strange

stars. Other approaches introduce exotic states of nuclear matter such as kaon [13] or pion

condensation [14]. Numerous predictions allow for hyperons together with nucleons and

leptons in generalized β-equilibrium to be included in the stellar interior. The Brueckner-

Hartree-Fock (BHF) approach was extended to include these contributions [15, 16] and

was also applied in neutron star calculations [17]. Whereas its relativistic counterpart, the

Dirac-Brueckner-Hartree-Fock (DBHF) theory [18–22] allows to take care of causality. The

resulting EOS of these approaches [4] predicts a maximum neutron star mass of 2.4M¯

exceeding the experimental value of Demorest et al. [23] (1.97± 0.04M¯) and of Antoniadis

et al. [24] (2.01± 0.04M¯). The improved timing techniques that have been developed for

pulsar timing arrays are yielding more precise masses for many stars [25], so there is hope

that neutron stars with even higher masses will eventually be discovered.

A disadvantage of DBHF calculations is the linear density dependence of the symmetry

energy that results in a low threshold mass value for the occurrence of the direct Urca

process. Thus hadronic models based on the DBHF EOS have problems with the description

of the neutron star cooling data. Since the Walecka model [26] was proposed and applied

in studying nuclear matter properties, the relativistic mean field approach has been widely

used in determining neutron star total masses and radii [27, 28]. There are also other many

body theories like effective density-dependent interactions that can in principle be used to

compute the EOS, such as those given by Skyrme forces. But the phenomenological nature of

these forces can be a disadvantage in making reliable calculations of neutron star properties

[29, 30]. Furthermore few kinds of that Skyrme forces have been then used to predict the

binding energy of a wide set of finite nuclei [31].

The aim of this work is to derive the EOS of asymmetric catalyzed nuclear matter at zero

temperature from the underlying many-body theory, derived from realistic nucleon-nucleon

(NN) interactions such as the CD-Bonn potential [32]. Moreover the isospin asymmetric

matter (neutrons, protons and electrons) in β-equilibrium (relevant for neutron stars), will

be considered. Electrons are introduced to the system as a Fermi gas, balancing the positive

charge of the protons. As a further step in this direction, the symmetry energy and its den-

sity dependence by combining microscopic calculations of isospin asymmetric matter and

observations of neutron star structure such as the radius will be assayed. The many-body

approaches used are the self-consistent Green’s function (SCGF) approach [33–35] and the
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BHF approach supplemented by three-body force (3BF) [36] or contact-term interaction

[22] to give more repulsive EOS. SCGF calculations give direct access to the microscopic

properties related to the single-particle propagator. These include self-energy, spectral func-

tions and momentum distribution, from which the microscopic and bulk properties can be

deduced [37–39].

From this EOS we will study neutron star characteristics such as the mass-radius relation-

ship. Baldo et al. [40] have shown that any realistic EOS must satisfy several requirements

to be used in studying neutron star properties : It must display the correct saturation

point for symmetric nuclear matter (SNM); It must give a symmetry energy consistent with

nuclear phenomenology and well behaved at high densities; The nuclear incompressibility

for SNM at saturation must be compatible with the values extracted from phenomenology

(230± 40 MeV) [41, 42]; Finally, the speed of sound remains smaller than the speed of light

for all relevant densities in neutron stars.

It is well known that the equation of state (EOS) of hot asymmetric nuclear matter is

an interesting problem to understand the physical mechanism of the iron core collapse of

a massive star which produces a type-II supernova [43], and the rapid cooling of a new-

born neutron star via neutrino emission [44]. The EOS plays an important role also in

the interpretation of nucleus-nucleus collisions, in which a hot and dense state of matter is

formed. So we shall address the thermodynamic quantities such as the free energy, pressure,

entropy and incompressibility in asymmetric nuclear matter using the CD-Bonn potential

and the Urbana three-body forces within the extended Brueckner theory.

The thermodynamic quantities in symmetric nuclear matter have been discussed recently

[45], using BHF approach with different realistic NN interactions. The hot properties of

asymmetric nuclear matter are calculated at asymmetry parameter α = 0.2 using the relation

of T 2-approximation method at low temperatures [46, 47].

The review is organized as follows. In the next section we will describe the formalisms of the

non-relativistic approaches within the BHF theory and is extending to the self-consistent

Greens function approach we have employed. Results for the microscopic and bulk properties

of asymmetric nuclear matter, symmetry energy, incompressibility and pressure of symmetric

and pure neutron matter using the suggested models, together with neutron star matter

observables will be presented in section 3. A short summary and some conclusions will be

given in the final section.
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II. THE THEORETICAL FORMALISMS

A. BHF Theoery

The BHF theory is one of the more advanced many-body approximations which has the

capability to account for the effects of correlations, which are due to the strong tensor and

short-range components of realistic NN interaction [48]. The energy per nucleon of isospin

asymmetric nuclear matter in the BHF approach is calculated as

E

A
(ρ, α) =

1

A

∑
τ

∑

|k|<kFτ

(
h̄2k2

2m
+

1

2
uBHF

τ (k)

)
, (1)

where uτ (k) represents the mean field “felt” by a nucleon (τ = n, p) due to its interaction

with the other nucleons of the medium. uτ (k) is specified as the real part of the self-energy

of a nucleon through the “on-shell energy” G-matrix [33, 35],

uBHF
τ = ReΣBHF

τ (k, ω) (2)

= Re
∑

τ ′

∑

|k′|<kFτ ′

〈~k~k′ | G(ω = ετ (k) + ετ ′(k
′)) | ~k~k′〉A,

where the sum runs over all neutron and proton occupied states, and the matrix elements

are properly antisymmetrized. The single particle energy of the intermediate states, ετ (k),

is defined in terms of the single-particle kinetic energy and the single-particle potential,

ετ (k) =
h̄2k2

2mτ

+ uBHF
τ (k) . (3)

Finally, the G-matrices describing the effective interaction between two nucleons in the

medium are constructed by solving the Bethe-Goldstone equation

〈kq|G(Ω)|kq〉ij =〈kq|V|kq〉ij +

∫
d3p1 d3p2 〈kq|V|p1p2〉ij

× Q(p1i, p2j)

Ω− (εp1,i + εp2,j) + iη
〈p1p2|G(Ω)|kq〉ij.

(4)

where V denotes the free-space NN interaction, Ω is the so-called starting energy, which

corresponds to the sum of non-relativistic energies of the interacting nucleons. Whereas the

Q(p1i, p2j) is the Pauli operator which restricts the intermediate states to particle states with

momenta p1, p2, which are above the corresponding Fermi momentum. Note that the whole

procedure requires a self-consistent process. It has been shown by Hassaneen and Müther
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[35] that the contribution to the energy from two-particle one-hole (2p1h) diagrams (that

account for the effect of two-body correlations) is minimized when the so-called continuous

prescription [49] is adopted for the in-medium potential.

However, the single-particle spectrum is often parameterized in the form of an effective mass

εki ≈ h̄2k2

2m∗
i

+ Ui, (5)

so that a so-called angle-averaged propagator can be defined, which reduces the Bethe-

Goldstone equation to an integral equation in one dimension. Hassaneen et al. [45, 50] have

studied the properties of nuclear matter in the framework of BHF approach with an angle-

average approximation to the Pauli operator using five different two-body NN potentials. It

is found that BHF theory is able to produce saturation due to short-range correlations but

fails to reproduce the empirical region of saturation quantitatively (ρ0 = 0.16fm−3; E0 =

−16MeV ). The exact Pauli operator has been treated in [51] and applied in the present

work.

B. SCGF Approach

In fact the BHF approximation does not consider the propagation of particle and hole states

on equal footing. An extension of the BHF approximation, which obeys this symmetry is

the self-consistent Green’s function. Then we extend the definition of the self-energy by

adding a hole-hole term of the form [52]

∆Σ2h1p(k, ω) =
∑ ∫ ∞

kF

d3p

∫ kF

0

d3h1

∫ kF

0

d3h2
< kp|G(Ω)|h1h2 >2

ω + εp − εh1 − εh2 + iη
. (6)

Using this expression of the self-energy induced by hh contributions, the quasi-particle energy

for the extended self-energy can be expressed as

εqp
k =

h̄2k2

2m
+ Re

[
ΣBHF (k, ω = εqp

k )
]
+ Re

[
∆Σ2h1p(k, ω = εqp

k )
]
. (7)

The spectral functions for hole and particle strength, symbolized as Sh(k, ω) and Sp(k, ω),

are obtained from the real and imaginary parts of the self-energy, Σ = ΣBHF + ∆Σ2h1p

Sh(p)(k, ω) = ± 1

π

ImΣ(k, ω)(
ω − h̄2k2

2m
−ReΣ(k, ω)

)2

+ (ImΣ(k, ω))2

, (8)
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where the plus-minus sign on the left-hand side of this equation refers to the case of the hole

(h, ω < εF ) and particle states (p, ω > εF ), respectively.

In the case of two-body interactions, the hole spectral function gives access, through the

Koltun sum rule [53], to the binding energy per nucleon:

E

A
(ρ) =

G
ρ(2π)3

∫
d3k

∫ εF

−∞

1

2

(
h̄2k2

2m
+ ω

)
Sh(k, ω)dω, (9)

where G denotes the degeneracy factor of the single-particle level, which is 4 for symmetric

matter. Introducing the removal energy ετ (k)

εSCGF
τ (k) =

∫ εF

−∞ dω ω Sh(k, ω)∫ εF

−∞ dω Sh(k, ω)
, (10)

One can express the total binding energy per nucleon as

E

A
(ρ) =

G
ρ(2π)3

∫
1

2

(
h̄2k2

2m
+ εSCGF

τ (k)

)
n(k)d3k, (11)

where εSCGF
τ (k) = h̄2k2/2m + u(k); that is, it coincides with the quasi-particle energy given

by Eq. 7, and n(k) denotes the step function, n(k) = θ(kF − k) which is defined as.

nτ (k) =





1 for|k| ≤ kFτ ,

0 for|k| > kFτ ,
(12)

with Fermi momenta for protons (kFp) and neutrons (kFn). In the present calculations, the

continuous choice for the auxiliary potential u(k) is used [49]. The continuous choice leads

to an enhancement of correlation effects in the medium and tends to predict larger binding

energies for nuclear matter than the conventional choice for the auxiliary potential [50].

We will characterize isospin asymmetric catalyzed matter using either the proton fraction,

xp = ρp

ρp+ρn
or the isospin-asymmetry parameter,

α(xp) =
ρn − ρp

ρp + ρn

=
ρn − ρp

ρ
= 1− 2xp, (13)

where ρp and ρn refer to the local densities for protons and neutrons in isospin asymmetric

nuclear matter while the matter density is denoted as ρ = ρp + ρn.

C. β−stable matter and neutron star equations

The synthesis of the neutron star matter is determined by the requirement of charge neu-

trality and equilibrium with respect to the weak interactions (β-stable matter). Firstly, we
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will consider the constituents of the neutron star are neutrons, protons and electrons. The

total energy of the system Etot can be computed from the relation,

Etot =
E
A

(ρ, xp) + xpmp + xnmn +
Ee

A
, (14)

with respect to xp. In Eq. 14, mp and mn are the proton and neutron rest masses, whereas

E
A
(ρ, xp) is the binding energy per nucleon of asymmetric nuclear matter. Ee

A
is the contri-

bution from electrons to the total energy Etot.
Ee

A
can be approximated by its relativistic

free-gas expression, so the electron energy per nucleon becomes [55, 56]:

Ee

A
= h̄c

(3π2xp)
4/3

4π2
ρ1/3 (15)

where xp = xe from the charge neutrality condition.

The EOS of pure neutron matter (PNM) combined with that of SNM provides us with infor-

mation on the isospin effects [55], in particular on the symmetry energy as. The symmetry

energy of nuclear matter is defined as the second derivative of energy per nucleon E/A with

respect to the asymmetry parameter α as follows

as(ρ) =
1

2

[
∂2E/A(ρ, α)

∂α2

]

α=0

. (16)

It is well established [37, 38] that the binding energy per nucleon E/A fulfills the simple

α2-law, i.e.,
E
A

(ρ, α) =
E

A
(ρ, 0) + as · α2 (17)

With proton fraction xp, Eq. 17 becomes

E
A

(ρ, xp) =
E

A
(ρ, xp = 0.5) + as · (1− 2xp)

2 (18)

not only for α ¿ 1 as assumed in the empirical nuclear mass formula [57], but also in the

whole asymmetry range. The proton fraction xp is related to the symmetry energy by the

approximation [58]

xp ' 64as(ρ)3

3π2(h̄c)3 + 128as(ρ)3
(19)

Thus using this solution and inserting it into Eq. 18, the EOS of nuclear matter in β-

equilibrium with electrons can be suitable for derivation of neutron-star properties. After

that then, we briefly outline the derivation of neutron-star properties from its EOS. One
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starts from the Tolman-Oppenheimer-Volkov (TOV) equations for the total pressure P and

the enclosed mass m [9, 10],

dP

dr
= − G[m(r) + 4π3P/c2][ε + P/c2]

r[r − 2Gm(r)/c2],

dm(r)

dr
= 4πεr2 (20)

where P (r) is the pressure at radius r, m(r) is the gravitational mass inside r, and G is the

gravitational constant. The pressure P of stellar matter and the total mass density ε can

be calculated from the relations,

P = ρ2dEtot

dρ
, (21)

ε = ρ · Etot/c
2, (22)

where c is the speed of light in vacuum. To calculate the total mass and radius of neutron

star, we employ the EOS defined in Eqs. (21) and (22) with the boundary conditions

Pc = P (ρc), M(0) = 0,

where the subscript c refers to the center of the star, and ρc is the central density which is

our input parameter in the calculations of neutron star properties.

D. Thermal Properties

In this section, we calculate the free energy per nucleon F/N for nuclear matter at finite

temperatures using the prescription proposed by Barranco and Treiner [59].We start from

the following expression,

F = E − TST , (23)

where E → E/A is the total energy at T = 0, ST is the entropy of the system at temperature

T. In addition thermal effects are treated in a low temperature limit of the internal energy.

Starting from Equation 23, in the low temperature limit the energy and entropy behave as

E = ET=0+aT 2 and ST = 2aT , respectively, where a is the so-called level density parameter.

Therefore, for the internal energy we have the following expression:

F = E + aT 2 − 2aT 2 = E − a(ρ)T 2 (24)
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with

a(ρ) =
1

4
π2

(
2m∗(kF )

h̄2k2
F

)
=

1

6

(
2m∗(ρ)

h̄2

)(
3π2

2

)1/3

ρ−2/3, (25)

where the level density parameter a is a function of the nucleon effective mass m∗ at T = 0

MeV with k = kF . By using equation 24 the free energy of the system at temperature T is

defined by [46]

F =

(
E

A

)

T=0

− T 2

6

(
2m∗

h̄2

)(
3π2

2

)1/3

ρ−2/3, (26)

where m∗ is the effective mass of the nucleon at zero temperature with k = kF , as defined

by the following equation [60]:

m∗

m
=

[
1 +

m

h̄2kF

(
dU(k)

dk

)

k=kF

]−1

. (27)

This describes the variation of the mean field felt by a nucleon traveling in the nucleon

medium against its momentum. It should be pointed out that the same expressions are

obtained for zero range forces [59]. In fact they reflect a general property of the Landau

theory of normal Fermi liquids.

The above expressions for thermal parameters of symmetric nuclear matter have been gen-

eralized to finite temperatures by Stocker [61] and Küpper et. al [62] using methods of

statistical mechanics of interacting Fermi systems at low temperatures [63]. For nuclear

matter with neutron excess we used the method discussed by Constantinou et al. [47]. Ac-

cording to their method, the explicit expression for entropy density for asymmetric nuclear

matter is

S = 2T
∑

i

aiρi, (28)

where

ai =
π2

2

m∗
i

k2
Fi

=
π2

2

m∗
i

(3π2ρi)2/3
(29)

is the level density parameter for particle type, i.e., proton or neutron.

III. RESULTS AND DISCUSSION

A. Single particle spectrum
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All the results discussed in this work have been calculated using the charge-dependent Bonn

(CD-Bonn) potential, defined in [32], which is nonlocal and it exhibits a softer tensor compo-

nent compared to other realistic potentials. This includes the BHF, SCGF and BHF+3BF

calculations.

As a first step we would like to discuss the single-particle potentials, i.e. real part of self-

energy, felt by protons and neutrons in asymmetric nuclear matter as a function of mo-

mentum k. For that purpose we take into account nuclear matter at the empirical value

for the saturation density of symmetric nuclear matter (ρ = 0.16 fm−3 which agrees with

a Fermi momentum of symmetric nuclear matter of kF = 1.36fm−1) and investigate the

single-particle potentials at different values of the asymmetry parameter α. Results for the

single-particle potentials for protons and neutrons using the SCGF method are explicitly

presented in Figure 1. These results are compared with the BHF and BHF + 3BF approxi-

mations for several asymmetries α ranging from 0.0 to 0.8.

In the case of SCGF approach when α = 0.0, i.e., symmetric nuclear matter, one can see

that the single-particle potential derived from the quasi-particle energy tends to a constant

for momenta below kF . This behavior is represented by dot-dashed curve in Figure 1. This

means that the effective mass that describes the momentum dependence of the quasi-particle

energy εqp is essentially equal to the bare mass for all momenta below kF . This means that

the corrections of the single-particle potentials resulting from the Σ2h1p term are larger for

momenta below the Fermi momentum and tend to zero for momenta above kF . Comparing

the SCGF results with those obtained in the BHF and BHF + 3BF approximations, one

finds that the single-particle potentials are more attractive in the BHF given by a solid line

and BHF + 3BF presented by dashed line than those in the SCGF approximation. For the

depths of single-particle potentials, the value of the self-energy at k = 0 are equal to -93.69,

-87.56, and -64.98 MeV for the BHF, BHF + 3BF, and SCGF approximations, respectively.

This reflects the fact that the effective interaction is more attractive between nucleons in
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the BHF and BHF + 3BF approaches than the SCGF approximation. This is already a first

indication for the differences between the present approximations.

Compared to the BHF results, the BHF plus 3BF shows an additional repulsion for the

single-particle potentials. This repulsion in effective three-body interaction may be induced

from the effects of sub-nucleonic degrees of freedom, like, e.g., the many-body effects arising

from ∆ excitations of the nucleons [66]. This repulsion which is created from effective three-

body force has less effect than the one which comes from the corrections due to the Σ2h1p

term in the single-particle potentials. This can be shown explicitly in Figure 1.

For asymmetric nuclear matter or neutron-rich nuclear matter, the single-particle potential

can be split into two components that are called the neutron and proton single-particle

potentials. Moreover, as shown in other panels of Figure 1, the on-shell values of them are

presented as a function of the momentum, for various values of α at fixed density ρ = 0.16

fm−3 which agrees with kF = 1.36fm−1 of symmetric nuclear matter. As expected, the

BHF single-particle potentials for protons are more attractive than those for neutrons and

that the depth of the potential for the protons is more attractive as the neutron excess α

increases. Also its momentum dependence is too weak at large densities and high momenta

for describing the high-energy elliptic flow data. This reflects the fact that the effective

interaction is more attractive between protons and neutrons than between nucleons of the

same isospin.

In order to clearly illustrate the effect of correlations brought by three-body force or hole-hole

interaction via SCGF on the single-particle potentials of the asymmetric nuclear matter, in

Figure 1, we sketch proton and neutron single-particle potentials. From this Figure and at

each value of α, one can see that, when the 3BF is taken into account, the depth of the

potential for proton or neutron becomes more repulsive. Further this repulsion of the single-

particle energies becomes more strong when the hole-hole interaction is included as compared

to the BHF approximation. Also the difference tends to be larger for the neutrons than for

the protons as α increasing and decreases with increasing momentum. As α increases,

the effective interaction between protons becomes more attractive while it becomes more

repulsive between neutrons. This is due to the increase of the number of neutron-neutron

pairs for the neutron and that of neutron-proton pairs for the proton, since the neutron-

neutron interaction is less attractive than the neutron-proton one. As a consequence we

find that repulsive effect of the hole-hole term or three-body force is essentially identical
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for protons and neutrons for all suggested approaches especially at high momenta. This

implies that the conditions for β-equilibrium are not affected by the inclusion of the hole-

hole interaction or three-body force terms.
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FIG. 1: Single-particle potentials calculated within the BHF with and without 3BF forces and

compared with the quasi-particle energy for the SCGF approach. Results are carried out using the

CD-Bonn interaction at density ρ = 0.16 fm−3 for different values of asymmetry parameter α.
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FIG. 2: The energy per nucleon E/A of asymmetric nuclear matter for various proton fractions xp

ranging from 0.5 (i.e., symmetric nuclear matter) to 0.0 (i.e., pure neutron matter) is plotted vs.

the density ρ, within different models described in the text using CD-Bonn potential. The results

are compared with DDRMF calculation by van Dalen et al. [20], whereas the empirical saturation

point is given by the big square.

All results, which refer to realistic NN interactions, have been obtained using the CD-Bonn

interaction [32]. This includes all BHF, SCGF and BHF+3BF calculations. The effects

which are related to the use of various NN interactions, which all fit the NN phase shifts,

have been discussed before for the BHF approach only [50]. Also Rios et al. [64] have studied

the microscopic and thermodynamical properties of nuclear matter at finite temperature
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within the self-consistent Green’s function approach. Such studies demonstrated that local

NN interactions with a stronger tensor component, like the Argonne V18 potential [65],

yield a slightly stiffer equation of state for symmetric nuclear matter than a nonlocal one

like the CD-Bonn potential. In Figure 2, the binding energy per particle of asymmetric

nuclear is plotted versus the density at different values of proton fraction xp. Where the

value xp = 0.5 means symmetric nuclear matter and xp = 0.0 means pure neutron matter.

How to obtain the experimental saturation point?
As mentioned before [37–39] , nonrelativistic calculations, based on purely two-body inter-

action, failed to reproduce the correct saturation point for symmetric nuclear matter. This

well known deficiency is commonly corrected by introducing a three-body force. Relevant

progress has been made in the theory of nucleon 3BF, but a complete theory is not yet

available. A realistic model for nuclear 3BF has been introduced by the Urbana group [66].

Explicitly, the 3BF is written as the sum of two terms:

Vijk = V 2π
ijk + V R

ijk, (30)

where the first one is an attractive term, due to two–pion exchange with excitation of an

intermediate ∆-resonance, and the second one is a repulsive phenomenological central term.

The two–pion exchange contribution is a cyclic sum over the nucleon indices i, j, k of products

of anticommutator {,} and commutator [,] terms

V 2π
ijk = A

∑
cyc

(
{Xij, Xjk}{τi · τj, τj · τk}+

1

4
[Xij, Xjk][τi · τj, τj · τk]

)
, (31)

where

Xij = Y (rij)σi · σj + T (rij)Sij (32)

is the one–pion exchange operator, σ and τ are the Pauli spin and isospin operators, and

Sij = 3
[
(σi · rij)(σj · rij) − σiσj

]
is the tensor operator. Y (r) and T (r) are the Yukawa

and tensor functions, respectively, associated to the one–pion exchange, as in the two–body

potential. The repulsive part is taken as

V R
ijk = U

∑
cyc

T 2(rij)T
2(rjk) (33)

The constants A and U in the previous equations can be adjusted to reproduce observed

nuclear properties [67].
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TABLE I: Parameters t0, t3 and x3 as obtained for the fit to the saturation point ρ = 0.16fm−3

and E/A = −16.0 MeV at γ = 0.5 for BHF and SCGF approaches.

Parameters BHF SCGF

t0 (MeV.fm3) -149 -335

t3 (MeV.fm3+3γ) 2800 3710

x3 -0.5 -0.5

We introduced the same Urbana 3BF model within the BHF approach, BHF+3BF. The

corresponding EOS obtained using the CD-Bonn is depicted by the solid line in Figure 2 for

asymmetric nuclear matter. From Figure 2, one can see that, the addition of the 3BF to the

chosen two-body force changes substantially the general trend as compared to BHF alone.

Some fine tuning can be done in order to get some slight improvements in the position of

the saturation point for symmetric NM, and the resulting EOS has now a saturation point

close to the empirical one. More precisely, the saturation point for the CD-Bonn + 3BF

interaction is ρBHF+3BF
0 ≈ 0.18fm−3 and EBHF+3BF

0 ≈ −15.5MeV .

There is another method used to achieve saturation properties in nuclear matter. One has

to supplement the effective interaction or the self-energy of BHF and SCGF calculations by

a simple contact interaction, which have been chosen following the notation of the Skyrme

interaction [68]

∆H = ∆H0 + ∆H3, (34)

with

∆H0 =
1

4
t0[(2 + x0)ρ

2 − (2x0 + 1)(ρ2
n + ρ2

p)], (35)

∆H3 =
1

24
t3ρ

γ[(2 + x3)ρ
2 − (2x3 + 1)(ρ2

n + ρ2
p)]. (36)

The parameters of the contact interaction are t0, x0, t3, x3 and γ. The parameters t0 and

t3 represent the zero range and 3-body strength while the exponent γ determines the high

density behavior. There is no isospin dependence in Eq. (36) only if x3 = −1/2. As described

below we have chosen a fixed value of γ = 0.5 and x0 = 0.0 and fitted t0 and t3 and x3 in

such a way that the calculations using BHF or SCGF plus the contact term of Eq. (34) yield

the empirical saturation point for symmetric nuclear matter and reproduce the symmetry

energy at saturation density. Following van Dalen et al.[69] the contact interaction produced
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for BHF and SCGF will be labeled by (CT), and the respective interaction model BHF+CT

and SCGF+CT.

Now the nuclear many-body approaches plus the above contact term are fitted to reproduce

the saturation point ρ0 = 0.16fm−3 and E0 = −16.0MeV at fixed values of γ = 0.5

and x0 = 0.0. The results for these fitting parameters are listed in table I, whereas the

corresponding energy per particle (E/A) versus density are displayed in Figure 2 using

dashed line for BHF+CT and dash-dotted line for SCGF+CT.

For all cases, the fit yields an attractive two-body contact interaction and a repulsive t3

term. Comparing the suggested approaches with the density dependent relativistic mean

field (DDRMF) approach [20] displayed by dotted line, we find that the DDRMF approach

leads to the stiffer EOS around the saturation density as well as at higher densities than the

others. The SCGF and the DDRMF calculations yield rather similar results after the contact

terms are included up to a density of 2.5ρ0, but the difference increases at high densities,

which are a little bit softer than the BHF+CT results. The softest EOS for symmetric

matter among those approaches, which fits the empirical saturation point, is provided by

the BHF supplemented by a microscopic three-body force. This result is illustrated by solid

line in each panel of Figure 2.

We will extend the analysis to asymmetric matter clarified with xp (0.3, 0.1) in Figure 2, i.e.,

α (0.4, 0.8), and pure neutron matter EOS with α = 1 or xp =0.0, which are more suitable

for neutron star studies, at densities up to about five times the saturation one. Although

the maximum mass of neutron stars is dominated by the EOS at very high densities, their

radius is determined by the pressure in the region ∼ 1− 2ρ0, and measurements of radii of

neutron stars can then be used to constrain the EOS of neutron stars and the physics of

their interiors [70].

Comparing the BHF and the SCGF results without the contact term [39], it is clear that

the inclusion of hh excitations makes EOS of neutron matter more repulsive especially at

high density. Also, the inclusion of a three-body force to the BHF approach increases the

repulsion of EOS but not as the repulsion induced by hh excitations. When the contact term

is added to the BHF and the SCGF approaches, the results for EOS are more comparable

in stiffness. As one can see that the SCGF and the DDRMF calculations yield rather

similar results after the contact terms are introduced up to a density greater than twice

of saturation density. Furthermore the relative differences between the two approaches are
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smaller. Finally, from Figure 2, one can also see that as the proton fraction xp decreases,

the instability of nuclear matter disappears and the EOS becomes more and more repulsive.
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FIG. 3: The symmetry energy as(above panel) and the proton abundances xp for β−equilibrated

matter (lower panel) are plotted vs. baryon density ρ respectively. Results are relative to different

models for the EOS with the CD-Bonn potential.

C. Symmetry energy, pressure and incompressibility

The dependence of the symmetry energy on the baryon density ρ determines the cooling rate

and neutrino-emitting processes , and, in turn, the proton abundances in β-stable matter.

Recently it has been surmised by Blaschke et al. [54], that a universal symmetry energy

contribution to the neutron star EOS exists, leading to the possibility of directly extracting

the symmetric matter EOS from the neutron star observations and vice versa. The actual

values of the symmetry energy, according to Eq. 17 at saturation points with α = 1, are given
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in table II. These values are close to the experimental results, 29.0MeV < as < 32.7MeV

constrained by Lattimer and Lim [71], whereas the DDRMF gives 32.11 MeV according to

Eq. 17 at the saturation point. This means that the BHF and SCGF approaches lead to

results which are rather close to the empirical value, if the contact term has been added.

The symmetry energy calculated in the BHF + CT approach is slightly greater than the

one obtained from the SCGF + CT approximation. This means that the inclusion of the

contact term makes the stiffness of the symmetry energy at high densities to be remarkably

different from that at low densities. This behavior is displayed by the upper panel in Fig.

3. This difference originates from the contribution of the hh excitations ,which leads to

larger binding energies for the SCGF approach as compared to the BHF calculations for all

densities in SNM as well as in PNM (see Figure 2). Furthermore the value of as in the case of

the BHF+3BF approach is somewhat greater than the other models because its saturation

density is bigger than other approaches.

There is another parameter distinguishing these models around the saturation density. It is

the slope of the symmetry energy L and it is assigned from the relation:

L = 3ρ0

(
∂as

∂ρ

)

ρ=ρ0

. (37)

Within the present models, the obtained values of L at ρ0 are listed in table II.

Rather similar features are also observed, when we examine the properties of nuclear matter

in β-equilibrium, neutralizing the charge of the protons by electrons, displayed in Fig. 3. In

this case the following direct URCA processes take place simultaneously:

n −→ p + e− + νe; p + e− −→ n + νe. (38)

The lower panel of this figure clarifies further the effect of the symmetry energy on the proton

abundance xp , which are to some extent related to the symmetry energy with relation 19.

Furthermore the larger symmetry energy yields the stronger proton abundances and reduces

the neutron density especially at higher nuclear matter density. This has significant effects

on the cooling of neutron stars and the kaon condensation in dense stellar matter. However,

it has been shown by Lattimer et al. [72] that if the proton abundance is higher than a

critical value of about 1/9, the direct URCA process can occur. This would then enhance

the emission of neutrinos; so the neutron star cooling rate is increased significantly. From

Fig. 3, it is seen that the symmetry energy determines completely whether the proton

abundance can exceed the critical value and at what density this happens.
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FIG. 4: The pressure of symmetric nuclear matter (left panel) and pure neutron matter (right

panel) as a function of ρ/ρ0 for different nuclear EOSs using CD-Bonn potential in comparison

with the DDRMF model [20]. The shaded area enclosed by the color solid lines corresponds to the

region of pressures consistent with the experimental flow data [73].

The pressure of nuclear matter is defined in terms of the energy per nucleon as in Eq.(21).

In Figure 4, we show the pressure obtained from the BHF+3BF, BHF+CT and SCGF+CT

approaches based on the EOS for symmetric matter and neutron matter. These values of

the pressure are compared with DDRMF results by van Dalen et al.. [20]. The area within

the continuous lines indicates that EOS is consistent with the elliptic flow measurements

reported in Ref.[73] of symmetric nuclear matter (left panel). For the case of neutron matter

(right panel), two different parameterizations for the symmetry energy are assumed in the

analysis. The two pressure contours appearing in Figure 4 correspond to the weakest (lower

contour with continuous line) and the strongest (higher contour with dotted line) density

dependence for as(ρ) suggested by Prakash et al. [74]. It is fair to say that SCGF+CT

predictions produce a reasonable amount of repulsion like DDRMF calculations, which gen-

erate too much pressure, while the BHF+3BF results are weakly repulsive EOS compared

to that BHF+CT predictions. There is another important characteristic of the EOS that

enters in the discussion of a variety of phenomena such as supernovae explosions or heavy

ion collisions, that is the incompressibility K. It measures the stiffness of the EOS, usually
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TABLE II: The main bulk properties of the nuclear matter that be extracted from the equation

of state at saturation points using different models. These values are the saturation density ρ0,

the saturation energy E0, the incompressibility K, the symmetry energy as and its slope L ,

respectively. All the quantities are in MeV with the exception of ρ0 is given in term of fm−3.

Model ρ0 E0 K as L

BHF+3BF 0.18 -15.5 190 33.7 54.93

BHF+CT 0.16 -16.0 214 31.9 42.87

SCGF+CT 0.16 -16.0 266 28.3 57.13

DDRMF [20] 0.178 -16.3 337 32.1 65.77

defined as the slope of the pressure at saturation point:

K = 9ρ2∂2E/A(ρ)

∂ρ2
|ρ=ρ0 , (39)

where the Fermi momentum kF of symmetric nuclear matter is related to the density ρ in

the usual way

ρ =
2k3

F

3π2
(40)

The experimental value of the incompressibility at saturation density ρ0 has been determined

to be 230 ± 40 MeV [41, 42]. At the saturation density, the values of the incompressibility

and the other bulk properties obtained for symmetric nuclear matter are summarized in

table II. The BHF approximation does not take into account all correlation effects but only

two-nucleon correlations. It breaks down both at too low and too high densities [75, 76].

Li and Schulze [77] proposed a highly desirable parametrization for the EOS. They have

found that a wide range of nuclear EOSs can be fitted at lower densities very accurately by

the polynomial:
E

A
(ρ) = aρ + bργ (41)

where a, b, and γ are parameters. Numerical values for these parameters are reported in

Table III. This fitting procedure is done between values of densities from 0.5ρ0 to 5ρ0. Then

it is adopted in our present work to extrapolate the EOS to higher densities to be more

suitable for examining neutron star observables.
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FIG. 5: The EOS and pressure for a system of infinite matter consisting of protons, neutrons,

and electrons in β-equilibrium. Predictions are obtained using the CD-Bonn potential for various

approximation schemes discussed in the text. The left panel shows the EOS of β-equilibrium,

whereas the right panel represents the pressure as a function of the density.

D. β-stable matter and neutron star properties

• Khaled Hassaneen, ”The Equation of State of Nuclear Matter and Neutron Stars Properties”,

Journal of Modern Physics, 5, 1713-1724, (2014).

• Khaled Hassaneen, ”Asymmetric nuclear matter and neutron star properties within the ex-

tended Brueckner theory”, THE EUROPEAN PHYSICAL JOURNAL A 53:9 (2017).

The present neutron star matter is composed of n, p, and e−, without including the muon in

the total EOS because the muon contribution does not alter significantly the gross properties

of the neutron stars [78]. The neutron star is bound by gravity, and it is kept in hydrostatic
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TABLE III: Parameters of the EOS fit using Eq. 41 for symmetric nuclear matter, pure neutron

matter and β-stable matter. These values are constructed using different models.

Model a b γ

SNM BHF+3BF -250.116 372.643 1.48652

BHF+CT -419.846 577.272 1.32783

SCGF+CT -360.901 576.625 1.43461

PNM BHF+3BF 82.847 146.598 2.42876

BHF+CT 35.532 227.768 1.99040

SCGF+CT 17.462 317.967 1.91256

β-stable BHF+3BF 81.282 87.833 2.52890

BHF+CT 16.591 213.889 1.96346

SCGF+CT -2.348 283.475 1.89254

equilibrium only by the pressure produced by the compressed nuclear matter. Then the EOS

of β-stable matter is the main input to predict mass and radii of neutron stars. Furthermore,

a stiffer EOS supports a larger maximum mass and a lower central density. In Figure 5,

the calculated values of EOS of β-stable matter are shown as functions of baryon density

ρ. Comparing that energy of matter derived from the various approaches as a function of

density ρ (left panel), we find the same trends as in the case of pure neutron matter (with

xp = 0) displayed in Figure 2. Furthermore the relative differences between the different

approaches are smaller in the low density while they become large at high density as in the

case of neutron matter.

In addition, the right panel of Figure 5 shows the pressure of neutron star matter calculated

by the suggested models above as functions of the baryons density ρ. It is found that the

alteration of the pressure with respect to density is essential to understand the structure of

neutron stars. A stronger density dependence of the pressure at high densities would lead to

a larger value of the maximum mass for neutron stars that can be sustained against collapse.

In particular, the radii of neutron stars are determined almost entirely by the EOS slightly

above the saturation density [79].

Using the methods just described we obtain for each model the EOS for cold β-stable matter.

The TOV general relativistic equations for a spherically symmetric (nonrotating) neutron
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star are solved, then the gravitational mass of the star MG is obtained as a function of both

the stellar radius R and a central density ρc. In practice, the EOS in the work of Baym et

al. [80] for the crust also covers densities below 0.001 fm−3, whilst for the middle-density

region (0.001 fm−3 < ρ < 0.08 fm−3) the results of Negele et al. [81] were used. In the

high-density part (ρ > 0.08 fm−3) we have used alternatively the three EOS’s discussed

next.

The dependence of the neutron star masses on both the stellar radius R and a central density

ρc for three models are shown in Figures 6 and 7. Results with predictions based on density-

dependent relativistic mean field by van Dalen et al. [20] are enclosed for comparison. The

solid line corresponds to BHF+3BF, the dashed line is for the BHF+CT, the dash-dotted

line is for SCGF+CT whereas the double dash-dotted line is for DDRMF model. Finally,

the solid dots represent the maximum mass stars. From Figures 6 and 7 we find that, in the

case of BHF+CT calculations, a maximum mass of neutron star is

Mmax ≈ 1.976M¯

at a central density of ρc = 3.162 × 1015g/cm3 with a radius R ≈ 9.571km. This value

is more consistent with the recent observation of a (1.97 ± 0.04)M¯ neutron star [23]. In

addition, a maximum mass of

Mmax ≈ 2.087M¯

at a central density of ρc = 2.818× 1015g/cm3 with a radius R ≈ 10.123km for SCGF+CT

model is taken out. Furthermore, this value is quite close to a new massive NS, PSR

J0348+0432 with (2.01 ± 0.04)M¯, was observed recently by Antoniadis et al. [24]. The

present nonlelativistic calculations are compared with DDRMF results by van Dalen et al.

[20] where a maximum mass of

Mmax ≈ 2.157M¯

at a central density of ρc = 2.512 × 1015g/cm3 with a radius R ≈ 10.528km was obtained.

All these results are summarized in table IV. From table IV, it turns out that the cur-

rent measurements of the neutron stars are consistent with radii in the range 8.7 − 10.5

km. Those measurements are consistent with the recent observation of the neutron star in

SAXJ1748.9− 2021, which it points to the neutron star radius in the 8− 11 km range [82].

Obviously, the CD-Bonn interaction is extremely soft, which makes hard the adjustment of

the three-body force to get the correct saturation point and even with 3BF the neutron star
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FIG. 6: Predicted neutron-star gravitational masses MG ( in units of M¯ = Msun) plotted as a

function of the stellar radius (in km). Three different equation of states are considered, those for

β−equilibrium matter and compared with previous DDRMF results by van Dalen et al. [20] and

with recent nonrelativistic results by Sharma et al. [83] based on BCPM method.

masses are too low, below the observational limit. Indeed this does not happen with other

forces like V18. Whilst, very recent results by Sharma et al. [83] based on modern BHF

calculations using the Argonne V18 potential [65] plus three-body force have been computed

with the Urbana model or BCPM method. This method is illustrated by the dotted line

in Figures 6 and 7. The neutron star core has been computed using that method assuming

non-exotic constituents (core of npeµ matter). The resulting maximum mass has the value

Mmax = 2.03M¯ with radius 9.9 km which is compatible with the largest mass observed up

to now and is close to (2.01± 0.04)M¯ observed by Antoniadis et al.[24].

From table IV, neutron stars properties calculated with a stiff EOS (e.g., SCGF+CT or

DDRMF) have greater maximum masses than stars derived from a soft EOS. Also, stars

derived from stiff EOS have a lower central density and a larger radius than do stars of the
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TABLE IV: The maximum mass Mmax, radius R and central density ρc of the neutron star are

calculated within various methods discussed in the text.

Model Mmax R ρc.1015

(M¯) (km) (g/cm3)

BHF + 3BF 1.801 8.778 3.548

BHF + CT 1.976 9.571 3.162

SCGF + CT 2.087 10.123 2.818

DDRMF [20] 2.157 10.528 2.512

BCPM [83] 1.982 9.950 2.818

PSR J1614–2230 [23] 1.97± 0.04 – –

PSR J0348+0432 [24] 2.01± 0.04 – –

same mass computed from a soft EOS. One can see that the results from our nonrelativistic

equation of state may look more reasonable than those from the relativistic one. Very recent

study has been carried out by Dutra et al. [84], where they have revisited the relativistic

mean-field (RMF) models that were shown to satisfy several nuclear matter constraints in

Ref. [85] and confronted them with astrophysical constraints. Moreover, among all approved

RMF models, from 12 to 13 of them produce neutron stars with maximum masses inside

the range 1.93 ≤ Mmax/M¯ ≤ 2.05. These results are more agreeable than those used in the

present work using DDRMF results [20]. Using the EOS resulting by pure neutron matter

it is found that the maximum masses, for each present model, have the values 1.97, 2.03

and 2.17 M¯ for BHF+3BF, BHF+ CT, SCGF+CT, respectively. These results are more

precise than those be done in Ref. [86]. These calculations have been done without assuming

non-exotic constituents (core of npeµ matter). In general, the construction of neutron stars

properties from the EOS of the pure neutron matter is not enough for a consistency check

between the theoretical neutron star maximum mass and the observed neutron star masses.

If it is possible to duly deduce the information on the EOS of the nuclear matter by ignoring

other constituents than nucleons, it would be reasonable to focus on low mass neutron stars

(see, e.g., Sotani et al.,[87]).
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FIG. 7: Neutron star gravitational mass MG (in units of M¯ = Msun) plotted as a function of the

central density ρc (in units of g/cm3) for different models described in the text. The notation is

as in Fig. 6.

E. Properties of nuclear matter at Finite Temperatures

• Hesham Mansour and Khaled Hassaneen, ”The Properties of Nuclear Matter at Zero and

Finite Temperatures”, Physics of Atomic Nuclei 77 (3), 314-322 (2014) (2014).

• Khaled Hassaneen and Hesham Mansour, ”The Thermal Properties of Asymmetric Nuclear

Matter within the Extended Brueckner-Hartree-Fock Approach”, Journal of the Physical So-

ciety of Japan 86, 024201 (2017).
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FIG. 8: Free energy per particle in symmetric nuclear matter for temperatures from 0 to 28 MeV

in equidistant steps of 4 MeV. The results of the BHF, SCGF and the BHF+3BF approaches are

presented.

1. The free energy and pressure of symmetric nuclear matter

According to the formalism developed in the previous sections, to obtain the EOS at finite

temperatures one has to start solving Equations 26 and 27 for the free energy per nucleon

F/A. Following this procedure, the results of the numerical evaluation of the free energy in

symmetric nuclear matter with the CD-Bonn potential as the bare NN interaction are shown

in Figure 8, with and without the inclusion of three-body forces for the BHF approach com-

pared with the SCGF method. These results are shown for various values of the temperature

T as a function of the density ρ. As the temperature increases, the minimum of each curve

which corresponds to the equilibrium state is displaced below the saturation density towards

lower densities. At certain temperature, the minimum of the free energy disappears above

the so called flashing temperature TF . For the BHF, BHF+3BF and SCGF approximations,
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we construct the following values for the flashing temperatures of symmetric nuclear mat-

ter, TBHF
F ≈ 16, TBHF+3BF

F ≈ 15 and T SCGF
F ≈ 12 MeV respectively. It is clear that the

effect of the adding three-body forces in BHF approach may be small to reduce TF value

than hole-hole interaction within SCGF method. Hence the pressure, at this point, is still

high enough to prevent the system from decaying to the low-density (gas) phase, leading

to liquid-gas coexistence. Above a critical temperature, TC , this coexistence does not hold

any longer and the system is found in the thermodynamically preferred state at very low

densities and the pressure becomes positive.
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FIG. 9: Pressure of symmetric nuclear matter for temperatures from 0 to 28 MeV in equidistant

steps of 4 MeV as a function of baryon density ρ. The results of the BHF, SCGF and the BHF+3BF

approaches are presented.

From the polynomial fit by the least-square method of the free energy F it is easy to per-

form the numerical derivative that leads to the pressure. The pressure P = ρ2 (∂F/∂ρ) of

symmetric nuclear matter is shown in Figure 9. Results are shown for different tempera-

tures as a function of the nucleon density ρ. When looking at the curves obtained with the
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different approaches, one can see that at lower temperatures, the pressure-density exhibit

the form of a two phase coexistence, with an unphysical region for each. In other words,

there appears an inflection point where, (∂P/∂ρ) |TC
= 0 , (∂2P/∂ρ2) |TC

= 0. The critical

temperature TC is estimated to be about 29 MeV for BHF calculations, while TC ≈ 21 MeV

in the calculation with the inclusion of three-body forces. In the case of SCGF, the critical

temperature TC has approximately the value 18.0 MeV. This value lies in the range of the

critical temperature values while the empirical range for the critical temperature is TC ≈
15-20 MeV [88]. When the temperature is higher than the critical temperature, the system

can only be in one phase, i.e., gas phase.

At this point, we are going to compare our predictions for the critical temperature with those

obtained in other approximation schemes. Rios et al. [89] constructed the critical tempera-

ture with a value TC = 18.6 MeV within SCGF approach depending on the Luttinger-Ward

(LW) formalism and the CD-Bonn potential, which is rather close to our SCGF with T 2-

approximation. The critical temperature, in the BHF approximation with the CD-Bonn

potential, has the value 23.3 MeV. This value is less than our constructed value for the

BHF calculations. Hence, the value of critical temperature depends strongly on the choice

of approximations (and forces). For finding a better and correct critical point one should

have employed a strong three-body force as well.

2. The free energy and pressure of asymmetric nuclear matter

Let us now turn to discuss the phase transition of asymmetric nuclear matter. An important

quantity in the analysis of asymmetric nuclear matter properties is the binding energy per

nucleon at T > 0. Figures 10 and 11 show the calculated free energy per nucleon and pressure

as a function of the total density ρ for various values of temperatures T at asymmetry

parameter α = 0.2 (xp =0.4) using T 2-approximation. These results have been computed

by employing the BHF approximation with and without the inclusion of three-body forces

compared with the SCGF method. Obviously as in the case of symmetric nuclear matter, we

see that at low temperature increases, both the free energy and pressure have a minimum.

When T increases, the minimum disappears and the pressure increases with increasing the

density ρ monotonically owing to the higher values of the entropy and the temperature

dependence becomes less significant with increasing ρ. At this point, we get the following
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FIG. 10: Free energy per particle in asymmetric nuclear matter for temperatures from 0 to 28 MeV

in equidistant steps of 4 MeV. The results of the BHF, SCGF and the BHF+3BF approaches are

compared for asymmetric nuclear matter at α = 0.2.

values for the flashing temperatures of asymmetric nuclear matter for α = 0.2 (xp = 0.4),

TBHF
F ≈ 14, TBHF+3BF

F ≈ 12 and T SCGF
F ≈ 10 MeV respectively, where these values are

constructed from Figure 10.

In Figure 11 the pressure of asymmetric nuclear matter is plotted as a function of the density

ρ for various values of temperature at asymmetry parameter α = 0.2 (xp = 0.4). It is found

that the values of pressure are very sensitive to temperature at lower densities and are

independent of temperature at higher densities. Further, we notice a reasonable change in

the critical temperature TC values in comparison with the symmetric nuclear matter case.

As seen from the left panel of Figure 11, the critical point occurs at TC ≈ 28.5 MeV within

the BHF approach, while TC ≈ 20 MeV in the calculation with the inclusion of three-body

forces. Finally, in the case of SCGF, the critical temperature TC has approximately the

value 17.0 MeV. This means that, the critical temperature values also decrease when the
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asymmetry parameter increases.
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FIG. 11: Pressure of asymmetric nuclear matter for temperatures from 0 to 28 MeV in equidistant

steps of 4 MeV as a function of total baryon density ρ. The results of the BHF, SCGF and the

BHF+3BF approaches are compared at α = 0.2.

IV. CONCLUSIONS

The bulk properties of symmetric and asymmetric nuclear matter at zero temperature

have been studied within the microscopic Brueckner–Hartree–Fock and the Self-Consistent

Green’s Function approaches, using the realistic CD-Bonn potential as a starting point. In

the BHF case, we have supplemented our calculations with the Urbana three-body force.

Comparing the non-relativistic approaches from realistic interactions among themselves, we

find that the effect of the hole-hole interaction is important; it significantly accounts for

more repulsion at large densities. Also, it enhances the nuclear matter E/A and at the same

time reduces the saturation density ρ0, as compared with the BHF results. If we do not take
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the contact term into account, these characteristics lead to better values for the saturation

point. We conclude that microscopic BHF or SCGF calculations can not reproduce nuclear

matter E/A and ρ0 simultaneously.

To improve the situation, one may either extend to three-body forces for the effective inter-

action or include relativistic corrections as in DBHF. The other properties like symmetry

energy and the incompressibility of symmetric matter at saturation coincide favorably well

with the phenomenological constraints. Above saturation density ρ0 the EOS is compatible

with the elliptic flow data reported in Ref.[73] at intermediate energy, up to about four times

of ρ0. After that the EOS of β-stable nuclear matter or pure neutron matter can be used to

determine the structure of neutron stars.

Using the present EOS’s of β-stable nuclear matter at absolute zero temperature, the TOV

equation of general relativity can be solved numerically, and accordingly, the gross properties

of neutron stars can be extracted, e.g., mass and radius. It turns out that both maximum

stable masses and radii depend crucially on the stiffness of the suggested EOS. Neutron stars

including realistic EOS give the following general results: star model calculating with a stiff

EOS have a lower central density, a larger radius than do stars of the same mass computed

from a soft EOS as demonstrated by Engvik et al. [90].

Finally the recent discovery of massive neutron stars as PSR J1614-2230 with (M = 1.97±
0.04M¯) [23] and PSR J0348+0432 with M = (2.01 ± 0.04M¯) [24] is challenging most of

present models of the EOS at supra saturation densities [91]. Decidedly the three-body force

could play a crucial role in the microscopic calculations to get theoretical determination

of the maximum mass of neutron stars in agreement with these new neutron star mass

measurements.

The predicted nuclear thermodynamics is then entirely determined by using T 2-

approximation with no additional free parameters. The free energy and pressure are found to

be strongly dependent on three-body or hole-hole correlations and the liquid-gas coexistence

region gets reduced in size when they are included. Also, the evolution of the first-order

liquid-gas phase transition is systematically investigated. It is found that the critical tem-

perature decreases with increasing α for all the approaches used. One could be tempted to

say that the effect of the hole-hole propagation on the critical properties of the liquid-gas

phase transition is rather larger than the effect of the three-body force.
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[22] P. Gögelein, E.N.E. van Dalen, Kh. Gad, Kh.S.A. Hassaneen, and H. Müther, Phys. Rev. C
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[55] I. Bombaci and U. Lombardo, Phys. Rev. C 44, 1892 (1991).

[56] P.G. Krastev and F. Sammarruca, Phys. Rev. C 74, 025808 (2006).

[57] P.E. Haustein, Atomic Data and Nuclear Data Tables 39, 185 (1988).

[58] A.W. Steiner, J.M. Lattimer, and E.F. Brown, Eur. Phys. J. A 52: 18 (2016).

[59] M. Barranco and J. Treiner, Nucl. Phys. A 351, 269 (1981).

[60] J. P. Jeukenne, A. Lejeune, and C. Mahaux, Phys. Rep. 25, 83 (1976).

[61] W. Stocker, Phys. Lett. B 46, 59 (1973).
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